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I. Motivation

The function e(x)
n(n—1)

q 2 n __
e(”")_”zm—l—q) =)

= I (1 + ¢**T1a)
n=0

has been known since Euler. The less familiar repre-
sentation is given by

n(q —q ")
The structure of the denomlnator — q-dilogarithm.

e(xr) = exp Z
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Let U and V form a Weyl pair,
UV = ¢°VU.
T he following relations are true:
e(U)e(V) =e(U+V).

(Schiitzenberger, 1953)

e(V)e(U) = e(U +V 4+ ¢ 1UV),
(Volkov and L.F., 1986). The pentagon relation

e(V)e(U) = e(U)e(qg tUV)e(V).

Noncommutative analog of five-term relation

L(z) 4+ L(y) = L(wil__x?) + L(zy) + L<y§1__mi))

for the Rogers dilogarithm (Kashaev and L.F., 1995).
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Quasiclassics with use of the asymptotic

ecu)AJexpé{E—ﬁxu), E(u) = Lin(—u),
ng

where Lis(u) is the Euler dilogarithm

u?’L

Lio(u) =) s

and

L@):Lb@y+%mxmu—xx 0<z<1.

Two questions:

1. Why does the noncommutative formula involve the
Euler dilogarithm, while the Rogers dilogarithm occurs
in the classical limit?

2. Why the arguments in classical and quantum formu-
las are so drastically different?



Partial answer in Kashaev and L.F., 1995, Kashaev,
Nakamishi, 2011.
Final answer — Volkov, 2011.

For
u
1+ w

the classical relation is

R R = R .

(u) + R(v) RG; o) FRG L)
The arguments
1+ v 14+u+wv 1+ wu
1 — u, o — v, L3 — 9 L4 — , ry5 —
u uv (V)

give a solution of the Y-system A{ x A»

4o = 1+ 247,



which has period 5

a:i_|_5 — Xy.
T hus

R(z1) + R(zo) = R(—) + R(—) + R(—).
s T4 x3

The quantum counterpart of system
XiXi4o =1+ ¢X;41.
If
X1=U Xo>=V, UV =gVl,
then
X3 =U""(1+4qV),

Xe=U"Hg ' +U+ VIV !
X5 =(1+qU)V .



Volkov's quantum formula reads

e(X1)e(X2) = e(Xg De(X; De(X31).

Volkov — formal series

In this talk — Hilbert space framework

[1(1 4+ ¢°"Tix)
[1(1 + g2nt+1z)’

e(r) - O(x) =



II. The modular quantum dilogarithm

Integral representation

1 [o© etz dt
Z) — eXp __/ . . ’
7(2) { 4 ) oo Sinwtsinw't t}
/
1
w,w — periods, T = i, ww = =
w 4

O(e /W) = 4(2)

Function v(z) has a long history
Properties:

1. The functional equation

v(z + ')
v(z =)
and similar after interchange w < &/

— 14 e—iwz/w.




In terms of ©(u)
O(qu) 1
O(g~lu) 14u
2. The inversion formula

2 T 1

() (—z) = ePe™7 B= (74 ).
12 T
3. Unitarity

for - > 0 and real z.
4. The quasiclassical asymptotics for = — 0

v(z) ~ exp E(e_mz/w).

LT
5. The pentagon equation

e(V)e) =e)e(q tuv)e(v)



III. The evolution operator for the Y -system

Uf(z) =e ™ f(2), Vf(z)=f(z+2u),
>0, Rew=Rew =0

Dense domain D: f(z) = e_O‘ZQP(z)
Ur=U, V¥*=V, X'=X;

Kf(z) = 0(e /%) f(2) = v(2) f(2)
Ff(z) = / T em2mizt oy gy,

— 00
UF=FV, VF=FU"1

ve(U) =06U)1 +q tU)V.
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S=KF
Xi—I—l — S_]'XZ'S
Periodicity: :t=17+5

S° = 'y
Proof: Let
Rf(z) = ™ f(x)
then
VR = Rq lUV.
Indeed

VR = eiﬂ(zc—I—Qw’)QV — R€47Tz':cw’—|—47riw’2

V = Re—iwx/we—iWTV
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Now we can evaluate S° (R. Kashaev)

O(U)FO(U)FOWU)FOU)FO(U)F =
ooV HFoW)Fo(U)FO(U)F = (F3=r"1
oo Hew Hr lewFeWw)r =

e e hHew He(WV)eW)F =

oW Hevtu-hHew HewWw)eW)F =

= ?PRO(qV Y U YFIRFO(U)F =

= 2PRFIRFO(U VYO F = 3P RFIRFRF

T hus

T 1T 1



IVV. The derivation of VVolkov’s formula

Second form of the evolution operator
o 1
s=efR7G, p=__(r+°),
12 T
where

R f(z) = O™/ f(z) = v(—z) f(x)

and
Gf(z) = ™ (Ff)(z) = RFf(x)
G3 — eiﬂ'/4F2
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Volkov's formula in the form

0(X1)0(X2) = 0(X; He(x He(xzh

or
KS 1KS=98"%KS*S 3KS3S 2K S?
Using
KS=¢efq, s 1k =pr"1
get

KF—]. — S—4G3e325 — e—’LOA+3’LBSG3 — e—Z7T/4KFG3
F*=1
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V. Quasiclassical limit

The kernel of S
S2(z,y) = /M(w,z)eQm(m_y)zdz,
where

M(x,z) = ~v(x)v(z) /exp{—27r(:ct1+t1t2—|—t2t3—|—t3z—|—xz)}><
X y(t1)v(t2)v(t3)dt1dizdts.

We already know that

M(z,z) = e
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Asymptotics for - — 0

1 5
M,N/ex— E(eP) + pipiaq) Ydpadpadps,
(z,2) P i 2, (E(E) o pipicea) ydpsdpadps
where
1T 1T Z 17t ; ,
P1 — ——, pP5 — ——, Pi+1 — — Z) (e 17273'
w w w
The relation
d
—FE(eP) = —1In(1 4+ €P)
dp

leads to phase equations

In(1 + eP2) =p1 + ps3,

IN(1 4 eP3) =po + pa,

In(1 + eP4) =p3 + ps,
Y-system for x; = ePi, expressing xo, x3 and x4 Via
r1 = and x5 = z.
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Now

1
> pipie1 = 5}%(1%’4—1 + pi—1)

S (B) + % na;In(1+a;)) = - = -3

Classical relation for R(x) due to

R(z) = —E(z) — % nzin(l + )

and
w2 1
E — R(x) = R(;)

Full action vs truncated action
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